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Abstract

We propose a novel technique that estimates

a distribution efficiently, using one-dimensional

marginals. We use linear regression on the log-

marginal probabilities of naive bayes. Our goal

is to improve accuracy, without increase in com-

putational complexity.

1. Introduction

In machine learning, a standard problem is to estimate a

distribution over a vector random variable in Sd, given a

source of independent random instances drawn from the

distribution. Here, S is a nominal attribute. Each instance

is a vector of ordered components. A real-valued attribute

can be converted into a nominal-valued attribute by bin-

ning. Frequently, the components have limited dependency

between each other, and it is necessary to exploit this aspect

for estimation to be tractable in number of samples.

1.1. Motivation: Estimating the Distribution

Distribution estimation is necessary for bayesian classifi-

cation. The problem instance to be classified is a vector

X = (x1, x2, · · ·xd). This belongs to one of a set of

classes Ck. We have the prior probabilities for Ck , possi-

bly computed from the training data. The class-conditional

distributions are learned from training data. Given the

prior probabilities and the class-conditional distributions,

we use bayes’ theorem to compute the posterior probabil-

ities P (Ck|X). These are used to assign instances of test

data to classes.

p(Ck|X) =
p(Ck)× p(X |Ck)

p(X)
(1)

2. Background

The estimation algorithm creates a representation of the

distribution using training data. The querying algorithm

uses this to estimate the probability of test data.

2.1. Prior Work

The use of one-dimensional marginal histograms in

bayesian classification is discussed in subsection 6.6.3 The

Naive Bayes Classifier of (Hastie et al., 2009).

(Pazzani, 1996) explored ways to improve naive

bayes by searching for dependencies among attributes.

(Domingos & Pazzani, 1997) showed that naive bayes

performs well even when the independence assumption

is violated, and that detecting attribute dependence is not

necessarily the best way to extend the bayes classifier.

(Wang et al., 2016) describes geometric density estimation

(GEODE), which assumes a low-dimensional structure

in the data and uses probabilistic principal component

analysis (PPCA) for distribution estimation.

(Webb et al., 2005) describes aggregating one-dependence

estimators (AODE), which weakens the attribute indepen-

dence assumption by averaging all of a constrained class of

classifiers. (Eban et al., 2014) takes 1-D and 2-D marginal

distributions, and computes the joint distribution that has

minimum worst-case error in classification. These two

techniques cannot be directly compared with ours, since

ours is not restricted to classification.

3. Technique

The problem is to estimate the probability at the given point

using the one-dimensional histograms.

p(X |Ck) =
∏

j

p(xj |Ck)

log(p(X |Ck)) =
∑

j

1 log(p(xj |Ck))

The above is naive bayes (NB), the orignial technique. Our

technique is modified bayes (MB). Here, instead of directly

adding up the log probabilities, we assign a coefficient to

each log probability, and do regression on the training data

to estimate the coefficients. Originally, the coefficients can

be taken to be 1 each. Our coeffients do not need to add up

to d.
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log(p(X |Ck)) =
∑

j

αj log(p(xj |Ck))

3.1. Argument

Modified bayes assumes that the assumptions of naive

bayes are problematic. We start with replicating naive

bayes, and argue that MB can handle irrelevant attributes,

and one type of non-independent attributes.

Generalization of NB In case the assumptions of naive

bayes are valid, regression coeffients αj = 1 replicate

the naive bayes formula.

Irrelevant Attributes In case irrelevant attributes are

added, then the corresponding regression coeffients

can be αj = 0.

Dependenct Attributes In case an attribute is replaced by

three noisy duplicates, then the corresponding regres-

sion coeffients for the three can be
∑

j αj = 1.

3.2. Notation

X Vector-valued random variable, takes values in [0, 1]d

d The dimensionality of the space of X

n The cardinality of the training dataset

M The training dataset, matrix of size n× d,

separate for each class

q(x) The distribution to be learnt

q̂j(xj) The one-dimensional marginal of X ,

with dimension j

q̂(x) The representation of the approximation of q(x)

3.3. Estimation

Given a set of samples M from the distribution with semi-

dependent marginals q(X), compute q̂(X), a representa-

tion of q(X).

Algorithm 1: Estimation (O(n d))

Input: M (n× d)

Output: q̂j
for i ∈ {1 · · ·n}) do O(n d)

for j ∈ {1 · · · d}) do O(d)
increment q̂j(Mi,j)

q̂j is the marginal with dimension j

end

end

Algorithm 1: We compute the one-dimensional marginals

from the given samples. This representation is used by the

querying algorithm to estimate the probability density at

the query point y.

3.4. Shrinkage

We take the weighted mean of the representation histogram

and the uniform distribution, with weights (1 − γ) and γ

respectively, for smoothing. This is standard procedure to

ensure that error due to variance in zero-valued bins does

not skew the results. The experiments are done with γ =
0.05 everywhere.

3.5. Regression
∑

j

log(p(xj |Ck))αj = log(p(X |Ck))

If we define M i
j = log(p(xi

j |Ck)), Aj = αj , Y i =

log(p(X i|Ck)), this is of the form Mn×dAd×1 = Y n×1.

X i is the ith item in the training dataset, and xi
j is its jth

component. The solution is A = M⋆Y , where M⋆ is the

pseudo-inverse of M . M⋆ = (M ′M)−1M ′. Since com-

puting Y is a non-trivial problem, we approximate it by a

vector of ones. This is justified by approximating the joint

distribution by a collection of translated, equally-weighted

dirac delta functions in X-space.

αj =
∑

i

log(p(xi
j |Ck))

3.6. Querying

Given the representation q̂(X) of a distribution q(X), and

y, estimate q(y).

Algorithm 2: Querying (O(d))

Input: q̂j , y

Output: q̂(y)
for j ∈ {1 · · · d}) do O(d2)

log(q̂(y))←
∑

j αj log(q̂j(yj)) O(d)

end

Algorithm 2: We estimate the log-probability of the joint

distribution by adding weighted log-probabilities of the

one-dimensional marginals.

3.7. Time Complexity

Algorithm Naive Bayes MB

Estimation O(n d) O(n d)
Regression — O(n d)

Querying O(d) O(d)

Table 1. Time Complexity
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4. Experiments

ISOLET (Isolated Letter Speech Recognition) is a dataset

of features of 150 speakers saying the 26 letters of the En-

glish alphabet twice (Fanty & Cole, 1991). 120 speakers

were recorded for training, and 30 for testing.

Our algorithms were coded in Octave and run on Linux.

The representation generated during estimation was saved

to disk in the estimation algorithm, and reloaded in the

querying algorithm.

4.1. Data

Dimensions 617, all real, normalized to [−1,+1]

Classes 26

Data 300 instances per class, 3 missing instances

Training Data 75%

Validation Data 5%

Test Data 20%

4.2. Preprocessing

To compute the histogram, we need the domain of the in-

put to be a countable set. So, we bin the input, using 16-

bin one-dimensional histograms. Thus, our input is trans-

formed from R
d to Sd, and S has cardinality 16.

4.3. Evaluation

We evaluated techniques NB and MB for different numbers

of dimensions. For each dimension count, the dimensions

were selected at random, and the evaluation was performed

on this dimension set for both naive bayes and modified

bayes.

4.4. Caveats

1. In estimation, for each dimension count, the set of di-

mensions was selected only once.

4.5. Results

Dimensions MB NB

002 0.092 0.094

004 0.132 0.146

008 0.201 0.258

016 0.381 0.426

032 0.399 0.690

064 0.556 0.845

128 0.770 0.916

256 0.730 0.929

Table 2. Accuracy

1 2 3 4 5 6 7 8
0

0.2

0.4

0.6

0.8

1

log2(dim)

A
cc

ur
ac

y

MB
NB

Figure 1. Accuracy

5. Conclusion

We have proposed a technique for estimating a distribution

over a vector random variable.

5.1. Future Work

1. The softmax temperature must be selected by cross-

validation.

2. Analyze the statistical properties of the technique.
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